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In this paper we study finite dimensional non-semisimple Lie algebras that can
be obtained as Lie algebras of skew-symmetric elements of associative algebras
with involution. We call such algebras quasiclassical and characterize them in
terms of existence of so-called ‘‘-plain’’ representations. We show that the theory
of -plain representations for quasiclassical Lie algebras is almost equivalent to
representation theory of associative algebras with involution.  2001 Academic Press
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1. INTRODUCTION
An antiautomorphism  of an associative algebra is called an inolution
Ž . 2of the first kind if   1. If the involution is fixed we often denote it by
the symbol ‘‘.’’ Let A be an associative algebra with involution. We
 Ž .denote by  A the vector space of skew-symmetric elements of A; i.e.,
 Ž .   4  Ž . A  a A  a a . The space  A is a Lie algebra under
 Ž .the usual bracket multiplication. We denote by  A its commutant
  Ž .  Ž . A ,  A .
It is well known that classical simple Lie algebras  ,  , and n n n
 Ž . Žcan be defined as the algebras  A where A is involutory simple i.e.,
.A has no nontrivial -invariant ideals . It is quite natural to distinguish the
 Ž .class of Lie algebras  A where A is arbitrary. These can be viewed as
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closest relatives of associative algebras. Is it possible to characterize such
Lie algebras L in their internal terms? In this paper we provide such a
characterization for L perfect and of finite dimension assuming the
ground field  algebraically closed of characteristic 0. A similar problem is
discussed for perfect algebraic groups.
Ž   .DEFINITION 1.1. Let L be a perfect i.e., L, L  L finite dimensional
Lie algebra over . We say that L is quasiclassical if there exists an
 Ž .associative -algebra A with involution such that L  A .
We characterize quasiclassical Lie algebras in terms of the existence of a
Ž .faithful self-dual i.e., equivalent to its dual linear representation whose
composition factors satisfy conditions described in the following definition.
DEFINITION 1.2. Let L be a perfect finite dimensional Lie algebra over
. Let V be a finite dimensional self-dual L-module. We say that V is
-plain if for each nontrivial composition factor W of V the projection of
Ž . Ž .L in  W coincides with one of the classical simple Lie algebras  W ,
Ž . Ž . W , or  W and any two composition factors of V with the same
annihilator in L are either isomorphic or dual to each other. If in addition
Ž . Ž . Ž .dim W	 4 for  W , dim W	 7 for  W , and dim W	 6 for  W ,
Ž .then V is called strongly -plain. We say that L is strongly -plain if L
Ž .has a faithful strongly -plain module.
Ž .Observe that V may have trivial one-dimensional composition factors.
Let W be a nontrivial composition factor of V and let S be a Levi
Žsubalgebra of L. Definition 1.2 requires that W is the natural module or
.dual for one of the simple components of S. In particular, simple
components of S are only classical, and V is in a sense a simplest
Ž Ž .S-module. However, the number of isomorphic composition factors in V
.is not bounded.
The main result of this paper is the following theorem:
THEOREM 1.3. Let L be a perfect finite dimensional Lie algebra.
Ž .1 Assume that L is quasiclassical. Then L is -plain.
Ž .2 Assume that L is strongly -plain. Then for each faithful strongly
-plain L-module V the eneloping algebra A of L in End V has an inolution
 Ž .such that L  A . In particular, L is quasiclassical.
Thus, a finite dimensional Lie algebra having no ‘‘small’’ quotients is
quasiclassical if and only if it is -plain. The fact that V is of simple nature
as an S-module does not mean that V has simple nature as an L-module.
In fact, if L is strongly plain then in general L can have infinitely many
non-isomorphic faithful -plain modules whose restrictions to S are iso-
Ž .  Ž .morphic. Indeed, by Theorem 1.3 2 , L  A and each faithful A-
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module is strongly -plain for L. If A has infinitely many non-isomorphic
Žfaithful modules of the same dimension which may happen by the
 .BrauerThrall conjecture, proved by Nazarova and Roiter 8 , the same is
true for faithful -plain L-modules. Therefore, in proving Theorem 1.3
one has to control an unbounded number of modules. It is not true that A
is uniquely determined by L, even if A has no commutative direct
summands. Nevertheless, to large extent L determines A; see Theorem
1.5 below. We emphasize that the conditions for self-dual V to be -plain
are described only in terms of the composition factors of V. The essence of
Ž .Theorem 1.3 is in part 2 . A priori, there is no obvious reason to predict
 Ž . Žthat L cannot be smaller than  A and this may happen if L has
.small quotients .
We also prove a multiplicative version of Theorem 1.3 by characterizing
in similar terms perfect algebraic groups that are isomorphic to the special
Ž .unitary or norm groups of associative algebras with involution. As above,
we call such groups quasiclassical, and for a perfect algebraic group G we
Ž .define a strongly -plain rational G-module exactly as in Definition 1.2.
Recall that the unitary group of an algebra A with involution is defined as
 Ž .   14  Ž .U A  a A  a  a . The special unitary group SU A is the
 Ž .commutator subgroup of U A . Observe that  acts trivially on  so one
 Ž .does not have to confuse U A with a classical unitary group.
THEOREM 1.4. Let G be a perfect algebraic group oer an algebraically
closed field  of characteristic 0.
Ž .1 Assume that G is quasiclassical. Then G is -plain.
Ž .2 Assume that G is strongly -plain. Then for each faithful strongly
-plain G-module V the algebra A generated by the image of G in End V has
 Ž .an inolution such that G SU A . In particular, G is quasiclassical.
Let A be an associative algebra with involution. To what extent is A
 Ž .determined by  A ? This problem was studied by Herstein for simple A
Ž  . Ž   .see 6 and by his successors for prime rings see 7 for instance . No
result is known for A not being semiprime. We investigate this problem
Žfor admissible finite dimensional algebras A see Definition 6.2; note that
each finite dimensional algebra having no proper ideal of codimension
.
 36 is admissible . Under this assumption we prove that the Lie algebra
 Ž . Ž .L  A is strongly -plain and generate A see Theorem 6.3 . In
particular, L is quasiclassical and A is an enveloping algebra of L. Set
 4Null A  a A  aA Aa 0 ;Ž .
Ž . Ž Ž .i.e., Null A is the two-sided annihilator of A in A. Note that Null A  0
.whenever A has the identity.
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THEOREM 1.5. Let A and A be admissible finite dimensional associatie1 2
 Ž .  Ž .algebras with inolution. Assume that  A   A . Then there is1 2
Ž .an admissible algebra A and -inariant ideals H , H Null A such that1 2
 Ž .  Ž .for i 1, 2 we hae  A   A and A  AH . In particular,i i i
Ž . Ž .A Null A  A Null A .1 1 2 2
ŽA similar result holds for the special unitary groups of A see Theo-i
.rem 7.2 .
Let L be a Lie algebra and let A be an associative enveloping algebra
Ž .of L i.e., A contains L and is generated by L . We say that A is
  Ž . -eneloping for L if A has an involution such that  A  L.
ŽTheorem 1.5 is a consequence of the following more general result see
.also the more exact Theorem 6.5 .
THEOREM 1.6. Let L be a strongly -plain Lie algebra. Then there exists a
Ž .  uniersal  -eneloping algebra A of L such that each  -eneloping
algebra of L is a homomorphic image of A and the corresponding kernel is a
Ž .-inariant subspace of Null A .
  Ž .In 2 we studied quasispecial or plain Lie algebras, which are defined
as the derived subalgebras of associative algebras. We show in Theorem
6.7 that each plain Lie algebra having no small quotient is -plain.
Theorem 6.8 gives a criterion for a -plain Lie algebra to be plain.
2. SOME PRELIMINARY RESULTS ON ALGEBRAS
WITH INVOLUTION
Ž . ŽRecall that a matrix XM  is called symmetric resp., skew-symmet-n
. t Ž t . tric if X  X resp., X X where X is the matrix transpose to X.
Assume that n 2 l. Set
0 IJ ,ž /I 0
Žwhere I is the identity matrix of size l l J is the canonical matrix of a
. 1 tsymplectic form . Note that J  J J. We say that a matrix X
Ž . Ž .  Ž M  is -symmetric resp., -skew-symmetric if X  X resp., X n
.  tX where X JX J. One checks that
 t td ba b  , 1Ž .t tž / ž /c d c a
2 Ž .    1, and X X  X X . In particular, t and  are involutions of1 2 2 1
Ž .the algebra M  .n
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It is well known that the classical Lie algebras can be expressed in the
following form:
   M  ,Ž . Ž .n n
     ,    X M   tr X 0 , 4Ž . Ž . Ž . Ž .n n n n
t   X M   X X ,Ž . Ž . 4n n
   X M   X X . 4Ž . Ž .n n
An algebra with involution is called inolutory simple if it has no
nontrivial -invariant ideals. One can easily show that any involutory
simple finite dimensional -algebra is either a full matrix algebra or a
Ž .direct sum of two anti isomorphic matrix algebras. The following two
classical results describe the structure of involutory simple algebras.
LEMMA 2.1. Let U be a ector space of dimension n oer . Let  be an
inolution of the algebra D End U. Then there exists a basis of U such that
this inolution can be expressed in the form X X t or X X  for XD
Ž .  Ž . Ž . Ž .M  . In particular,  D    or   and U is the naturaln n n
 Ž .u D -module.
LEMMA 2.2. Let D  End U , i 1, 2, where U is a ector space ofi i i
dimension n oer . Let  be an inolution of the algebra D D such that1 2
DD . Then there exist bases of U and U such that this inolution cani 3i 1 2
Ž . Ž t t. Ž .be expressed in the form X , X  X , X for X D M  . In1 2 2 1 i i n
 Ž . Ž t.  Ž .4 Ž .particular,  D D  X,X  X M     , U is the1 2 n n 1
 Ž .natural  D D -module, and U is the module dual to U .1 2 2 1
Let D be a finite dimensional semisimple associative algebra with
 4involution  . Let D   be the set of simple components of D.
Clearly,  permutes the simple components of D. Therefore for each
  Ž  . there exists a unique   such that D D . As    , 
the set  can be expressed as a disjoint union    where0 1 1
  4    4       and      . Let n be the dimension0 1 1 
Ž .of the natural D -module, so D M  . Applying Lemmas 2.1 and 2.2,  n
we get the following lemma.
 Ž .LEMMA 2.3. We hae  D  Q where  0 1
  D    ,   , if Ž . Ž .Ž . n n 0 Q    D D    , if  .Ž .Ž .  n 1
 Ž .  In particular,  D  Q , Q is semisimple.   0 1
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LEMMA 2.4. Let A be a finite dimensional associatie algebra with inolu-
  Ž .tion  and let N be the radical of A. Then N N,  N is a nilpotent
 Ž .  Ž .  Ž .  Ž .ideal of  A , and  A  N   AN . Moreoer, there exists a
Lei subalgebra D of A such that DD.
Proof. Since N is the largest nilpotent ideal of A, we have that
  Ž .  Ž .N N and  N is a nilpotent ideal of the Lie algebra  A . We
denote by the same letter  the involution of the quotient ring AN
induced by  . The homomorphism : r rN is a homomorphism of
 Ž .  Ž .  Ž . A into  AN with the kernel  N . We wish to show that
Ž  Ž ..  Ž .  A   AN . This is equivalent to showing that for all r A
  Ž . such that x r  rN there exists r  rN such that r r .
 Ž  . Setting r  r x2, we get r r , as required.
We shall prove by induction on k that there is a Levi subalgebra D ofk
A such that the image of D in AN k is -invariant. Since N is nilpotent,k
this will imply our lemma. For k 1 one can take any Levi subalgebra D1
of A. Assume that the image of D in AN m is -invariant. Clearly, Dm m
is a Levi subalgebra of A. By the LeviMalcev theorem, there exists rN
 Ž . Ž .1 msuch that D  1 r D 1 r . Note that the subalgebra D Nm m m
m Žof A is -invariant, so such r can be chosen in N . Set D  1m1
. Ž .1r2 D 1 r2 . Then D is a Levi subalgebra of A. We have tom m1
show that the image of D in AN m1 is -invariant. Without lossm1
m1 Ž .1of generality one can assume that N  0, so 1 r  1 r.
Ž  . Ž  . Ž  .As D D , we get 1 r  r d 1 r  r D for all dD .m m m m
   Therefore D , r  r D . We need to show that D D ; i.e.,m m m1 m1
1 1Q 1 r2 1 r2 D 1 r2 1 r2 D .Ž . Ž . Ž . Ž .Ž .m m
We have
Q 1 r2 r 2 r D 1 r r 2 r2Ž . Ž .m
D  D , r r 2 D ,Ž .m m m
as required.
 Let A be an associative algebra. One can view A as a Lie algebra A
under the standard bracket multiplication. Let L be a Lie algebra and let
  : L A
Ž .be a Lie algebra monomorphism. A pair , A is called an eneloping
Ž .algebra for L if  L generates A as an algebra. In view of the universal
property, the map  uniquely extends to an associative algebra homomor-
phism
 : A L  A ,Ž .
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Ž .where A L is the augmentation ideal of the universal enveloping algebra
Ž .U L , i.e., the ideal of codimension 1 generated by L. Note that we do not
require A to have the identity, so it is more convenient for us to deal with
Ž . Ž . Ž . Ž .A L instead of U L . Two enveloping algebras  , A and  , A are1 1 2 2
isomorphic if there is an algebra isomorphism  : A  A such that1 2
Ž .   . Observe that each enveloping algebra , A is uniquely deter-1 2
Ž . Ž .mined up to isomorphism by the corresponding kernel H Ker  inA
Ž .A L . In particular, there exists a 11 correspondence between the en-
Ž .veloping algebras for L and the ideals H in A L such that H L 0.
This gives a partial ordering on the set of enveloping algebras of L: we say
Ž . Ž .that  , A 
  , A if and only if H H . Given an enveloping1 1 2 2 A A2 1
Ž . Ž .algebra , A for a Lie algebra L, we often identify L with its image  L
in A and call A the enveloping algebra, keeping in mind that there is a
relevant monomorphism .
An involution  of an enveloping algebra A of L is called standard if
xx for all x L. Observe that any antiautomorphism of an algebra
is determined by its action on a generating set. So we have
LEMMA 2.5. Let A be an associatie eneloping algebra for L. Then A has
at most one standard inolution.
The following is well known.
Ž . ŽLEMMA 2.6. There exists a unique standard inolution  on U L and
Ž ..A L .
Ž . ŽProof. For each monomial x 			 x U L with x  L set x 			1 k i 1
. Ž . Ž .x  x 			 x . One checks that  is a standard involution onk k 1
Ž . Ž Ž ..U L and A L . The uniqueness follows from Lemma 2.5.
It is not difficult to observe that there exists a correspondence between
enveloping algebras with standard involution and the -invariant ideals H
Ž . Ž .of A L with H L 0 via H A L H. Let us denote by Ann VU Ž L.
Ž . the annihilator of an L-module V in U L and by V the L-module dual
to V.
Ž .LEMMA 2.7. Let V be a finite dimensional L-module. Then Ann VU Ž L.
 Ž . Ann V and Ann V Ann V .U Ž L. AŽ L. AŽ L.
Proof. Recall that V can be identified with the space of linear
functions on V. For x L and f V , the action of x on f is given by
Ž .Ž . Ž .the formula xf   f x where   V. Let uÝa x 			 x i 	 	 	 i i i1 k 1 k
Ž .  Ž . Ž . Ž  .Ž .U L where a  . Then u Ýa x 			 x and u f i 	 	 	 i i 	 	 	 i i i1 k 1 k k 1
Ž .    f u for all f V and all   V. In particular, u Ann V ifU Ž L.
Ž .and only if uAnn V. The proof for A L is similar.U Ž L.
QUASICLASSICAL LIE ALGEBRAS 271
Let V be a vector space and let L be a Lie subalgebra of End V. We
Ž .shall denote by E L the associative subalgebra in End V generated by L.
Ž .Note that E L is an enveloping algebra for L.
LEMMA 2.8. Let V be a finite dimensional ector space and let L be a Lie
subalgebra of End V. Assume that the L-modules V and V are isomorphic.
Ž .Then the eneloping algebra E L has a standard inolution.
Proof. Set NAnn V and MAnn V. Since V V , weAŽ L. AŽ L.
  Ž .have NM. By Lemma 2.7, N M. Therefore NN , so E L 
Ž .A L N inherits the standard involution.
3. MATRIX ALGEBRAS WITH INVOLUTION
Ž .Let M  be the algebra of all n n matrices over  and let 1 be itsn n
Ž .identity. Let DM  be a semisimple subalgebra containing 1 and letn n
Ž .A be a subalgebra of M  such that DAD A. In this section wen
describe the structure of A assuming that the algebra D A has an
involution  such that DD and A A.
Ž .First we recall the structure of arbitrary subalgebras A of M  withn
  Ž .DAD A described in 2 . We denote by V the natural module for M  ,n
Ž . so M   End V V V . Since D is semisimple,n  
V V  			 V ,1 t
 4 where V , . . . , V are irreducible D-modules. Put T 1, . . . , t . Let D  1 t 
4 be the set of simple components of D, so
D D , 

and let W be the natural D -module. Let us denote by 
 the map T 
such that for each i T the D-modules V and W are isomorphic. For ai 
 Ž i.
Ž . Ž . Ž Ž . Ž ..pair i, j  T T let 
 i, j denote the pair 
 i , 
 j .
Set n  dim W , so n n  			n . For  ,  we denote by  
 Ž1. 
 Ž t .
W the vector space W W . For each  fix a basis B of W . Let    
B be the dual basis of W . With respect to the chosen bases each W  
 can be identified with the space of n  n -matrices. Set n max n    
4 . It is convenient to identify each W with a subspace of the matrix
Ž .  algebra M  extending each n  n matrix XW to an n  nn   
Žmatrix by 0’s so X is located at the left upper corner of the extended
.matrix . Let X W and X W . If    , define X X as the1   2   1 2 1 21 1 2 2
Ž .product of the corresponding matrices in M  . If    , set X X  0.n 1 2 1 2
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Observe that if    , then X X belongs to W and the multiplica-1 2 1 2  1 2
tion just defined agrees with the usual multiplication of elements from
W and W for    ,    1 21 1 2 2
Y   Y     Y Y   W ,Ž . Ž . Ž .1 1 2 2 1 2 1 2  1 2
where Y W and  W  for i 1, 2. We get an algebra structure oni  i i i
the vector space
W W . 2Ž . 
 , 
 4 Ž .We denote by e  1
 i, j
 n the standard basis of M  consistingi j n
of matrix units, so for each pair  ,  the set e  1
 i
 n , 1
 j
i j 
4 Ž .n is the basis of W . For  ,  we denote by   ,  the vector space 
Ž . Ž . Ž . Ž .of all t t matrices   M  such that   0 if 
 i, j   ,  .i j t i j
Observe that
M     ,  . 3Ž . Ž . Ž .t
 , 
The following lemma is obvious.
  Ž . Ž .LEMMA 3.1 2, Lemma 2.1 . Let    ,  and    ,  . If1 1 1 2 2 2
Ž .   0, then    and     ,  .1 2 1 2 1 2 1 2
Let us define a vector space M as follows:D
M  W    ,  . 4Ž . Ž .D  
 , 
Ž . Ž .Using decompositions 2 and 3 , the properties of multiplication in W,
and Lemma 3.1, one can observe that M is a subalgebra of the algebraD
Ž .W M  . t
We assume that the standard basis B in V is such that B V is a basisi
Ž .in V for each i T and  B V  B where  is a D-modulei i i 
 Ž i. i
isomorphism from V to W . In particular, for each dD the matricesi 
 Ž i.
 d and d coincide. The decompositionV Wi 
 Ž i.
t
 End V V V  V  V i j
i , j1
Ž . Ž .induces a block structure on the elements of M  , so we view M  asn n
the set of t t block matrices. For i, j T let  denote the projectioni j
Ž . Ž . Ž .of a matrix XM  to its i, j -block submatrix. We identify  Xn i j
 4with the corresponding matrix in W . Let   1
 i, j
 t be the
 Ž i.
 Ž j. i j
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Ž . Ž . standard basis of M  consisting of matrix units . Observe that  t i j
Ž . Ž .4 Ž .
 i, j   ,  is a basis of   ,  . We have a natural vector space
Ž .isomorphism  : M   M defined byn D
 X   X   .Ž . Ž .Ý i j i j
i , jT
Moreover, we have the following
 PROPOSITION 3.2 2, Proposition 2.2 . The map  is an algebra isomor-
Ž .phism of M  onto M .n D
Ž . Ž .We identify the algebras M and M  . By Lemma 3.1,   ,  is aD n
Ž .subalgebra of M  . Set  Ý  . Then for all  ,  and allt  
 Ž i. i i
Ž .  ,  we have   . In particular,  is the identity of  
Ž . t Ž .the algebra   ,  , and Ý  Ý  is the identity of M  .   i1 i i t
Clearly,
D W   5Ž .  
for . We shall often identify the algebras D and W . 
Right and left multiplications by elements of D induce a structure of an
op Ž .DD -module on M  . We haven
DDop  D , 
 , 
where D D Dop are the simple components of DDop. The fol-  
lowing is obvious.
  Ž .LEMMA 3.3 2, Lemma 2.3 . The formula 4 is the decomposition of the
op Ž .DD -module M   M into its homogeneous components.n D
Remark 3.4. Identifying each D with the algebra W W op and any  
Ž Ž ..D -module MW    ,  with W we can express the  
Ž .action of D on M in the following form: X  X X  X X X ,      
  4where X is any matrix from W W W for i, j  ,  .i j i j i j
 PROPOSITION 3.5 2, Proposition 2.5 . Let A be an associatie subalgebra
Ž .of M  such that DAD A. Thenn
A W   ,  ,Ž .  A
 , 
Ž . Ž .where   ,  is a subspace of   ,  .A
Remark 3.6. If D is a maximal semisimple subalgebra of A, then the
Ž .algebra     ,  is isomorphic to the basic algebra of AA A ,  
Ž  .see 9, Sect. 6.6 .
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Since DD, the involution  permutes the simple components of D,
so for each  there exists   such that DD  . Note that 
Ž  .   .
Ž . If we identify D with W see Remark 3.4 , then the map  : D D   
yields an anti-isomorphism  : W W   . Moreover,     1. In      
particular, if    , then  is an involution. By Lemmas 2.1 and 2.2,
one can assume that the bases B of the modules W are such that for 
each , we have X  X for all matrices XW where   t if 
   , and   t or  if   . Set
  4       ,A
       ,   t , 4B 
       ,    . 4C 
Ž .Then    disjoint union . Observe that the map  :A B C
D D  can be written in the form 
  X   X   for all XW 6Ž .Ž .  
Ž Ž ..  tsee 5 . Recall that X JX J. Set
J , if  ,CJ  ½ I , if  .C
Note that J  J and J1  J t. Let us define the map  : W W         
by
X J1 X tJ . 7Ž . 
Clearly, for   this map coincides with the map  defined above.
Ž .Recall that W is a natural module for D see Remark 3.4 . We have 
opop  
   D D D D  D .Ž .     
 op Ž  .op   ŽSince D D and D D , the map  : d  d  d  d d     1 2 2 1 1
.  D , d D is a canonical isomorphism of the algebras D and D , 2    
Ž . so W can be viewed as a natural D -module.  
LEMMA 3.7. The map  is an isomorphism of D -modules. 
Ž . Ž .Proof. We identify D with W . Using Remark 3.4, 6 , and 7 , we get 
 X  X X X X X J1 X t X t X t JŽ .           
 X  X XŽ .Ž .  
for all X W , X W , X W , as required.   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We shall denote by  the linear transformation of the space W
 W such that    .W  ,   
Ž .PROPOSITION 3.8. 1  is an antiautomorphism of the algebra W.
Ž .2 For  ,  and XW we hae
X , if  ,  or  ,  ,2 C CX  ½X , otherwise.
Ž .Proof. 1 For all X W and X W we have   
 1 t t  X X  J X X J  X X ,Ž .       
Ž .so  is an antiautomorphism. The following equality proves 2 :
t 22 2 1 1 t 1
  X  J J X J J  J X J X .Ž .Ž . Ž .     
Ž .Recall that by Proposition 3.5, any subalgebra A of M  such thatn
Ž .DAD A can be expressed in the form A W   ,  A ,  
Ž . Ž . Ž . Žwhere   ,    ,  . Let  be the algebra    ,  cf.A A A ,  
.Remark 3.6 . The following proposition shows that  has an antiauto-A
morphism which induce the involution  on A.
Ž .PROPOSITION 3.9. Let A be a subalgebra of M  such that DAD A.n
Assume that the algebra D A has an inolution  such that DD and
 Ž .A  A. Then there exists a unique map  :   such that theA A
following holds.
Ž . Ž .1 For all  , ,   ,  , and XW we haeA 
  X  X  .Ž .
Ž . Ž Ž .. Ž   .2    ,    ,  .A A
Ž .3  is an antiautomorphism of the algebra  .A
Ž . Ž .4 For  ,  and   ,  we haeA
 , if  ,  or  ,  ,2 C C  ½ , otherwise.
Ž .Proof. 1 We have
   
   W   ,   D AD D AD W   ,  .Ž . Ž .Ž .Ž . A       A
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Ž . Ž . opLet 0  ,  . Since W  is an irreducible DD -sub-A 
Ž . Ž   .  Ž  module of M  lying in W   ,  , there exist   ,n   A A
 . Ž .    and a map  : W W such that X  X  for all  
XW . Let d d  d D D Dop. Then 1 2   
   d X  d X d  d X  dŽ . Ž . Ž .Ž . Ž .1 2 2 1
  d X  .Ž . Ž .
It follows that  is an isomorphism of irreducible D -modules. By Lemma
  Ž .  3.7,   for  . Set    . Then X  X  for all
XW . Note that  is linear since  and  are.
Ž .2 This is obvious.
Ž . Ž . Ž .3 Let    ,  and    , . Then for all X W A  A  
and X W we have 
   
X X     X  X Ž . Ž . Ž . Ž .       
 X X   .   
Ž .   Ž Ž .. Ž . Since X X  X X see Proposition 3.8 1 , we have        
  , so  is an antiautomorphism of  .  A
Ž . Ž .4 This follows from Proposition 3.8 2 .
4. -NORMAL SUBMODULES
Ž .Let V be the natural module for M  and let L be a Lie subalgebra ofn
Ž . M  such that the L-modules V and V are isomorphic. Let S be an
Ž .semisimple subalgebra of L and let A E L be the enveloping algebra
Ž . of L in M  . Since V V , by Lemma 2.8, A has a standard involutionn
 Ž . and L  A . The aim of this section is to describe irreducible
 Ž . ŽS-submodules in  A under the adjoint action under some additional
.assumptions .
Below S , . . . , S are the simple components of S, so S S  			 S .1 k 1 k
As V is completely reducible, V V  			 V where V , . . . , V are1 t 1 t
 4irreducible S-modules. Let W   be a set of representatives of the
 isomorphism classes of irreducible S-submodules of V. Set    
4  W is nontrivial . If  , then the set  consists of a single
element, which will be denoted by 0. In other words, we use the notation
Ž .W for the trivial one-dimensional S-module. Let E S be the enveloping0
Ž .algebra of S in M  , i.e., the associative subalgebra generated by S. Setn
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Ž .D E S  1 . Clearly, D is semisimple, and the simple components ofn
D are in a bijective correspondence with isomorphism classes of irre-
ducible S-submodules of V. So
D D , 

Ž .with D  End W . The enveloping algebra E S is a subalgebra of D and 
E S  D .Ž .  


 Ž .The Lie algebra M  is an S-module under the adjoint action. Let  :n
Ž . Ž .M   M be the canonical isomorphism see Proposition 3.2 . Observen D
that the adjoint action of S on M induced by  agrees with the naturalD
Ž . Ž Ž ..action of S on the direct summands W   ,  of M see 4 : we just D
Ž . view W   ,  as the tensor product of the S-module W W W   
Ž .and the trivial S-module   ,  .
 Ž . Ž  ..Since s s for all s S, E S and D, if we set 1  1 isn n
Ž .-invariant. We shall denote by the same symbol  the involution of E S
and D inherited from the algebra A. As in Section 3 there is a bijection :
 defined as follows:    if and only if DD . 
LEMMA 4.1. The S-modules W  and W  are isomorphic. 
Proof. Clearly, two irreducible S-modules are isomorphic if and only if
Ž .their annihilators in U S coincide. By Lemma 2.7, we have

Ann W  Ann W Ann W ,Ž .U ŽS .  U ŽS .  U ŽS . 
as required.
Let  be an isomorphism of the D -modules W and W   intro-    
duced in Section 3.
LEMMA 4.2. The map  is an isomorphism of the S-modules W and 
W   . 
Proof. Let s and s  s  s denote the images of s S in D and    
D , respectively. Since ss in D, we have ss  . Therefore  
 s   s  s  s s s   s   s   .Ž . Ž . Ž .Ž .          
Hence  gives an isomorphism of the enveloping algebras of the images
of S in End W D and End W  D   . It remains to apply Lem-     
ma 3.7.
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Recall that by Proposition 3.9 there are maps  and  such that for
Ž .   Ž .all  , , we have X  X  for all   ,  andA
XW .
DEFINITION 4.3. A nonzero S-submodule M of A is called -normal if
Ž .there exist  , , a matrix    ,  , and an S-submodule W ofM A M
W such that
M X  X  XW . 4M M M
 If M is -normal, then we denote by M the module W  W  M  
   Ž .   A. Note that M M and M  M  X  X   XM M M
4W .
Ž .If M is -normal, then the relevant pair  ,  is called the type of M.
Ž .Note that the type of M is determined ‘‘up to ’’; i.e., the pairs  ,  and
Ž   . ,  denote the same type.
Ž .Recall that D E S  1 . Therefore Lemma 3.3 implies the follow-n
ing.
Ž Ž .LEMMA 4.4. Let M be an -normal S-submodule of A. Then E S 
. Ž Ž . .1 M E S  1 M.n n
Recall the map :  defined as follows:    if and only if
 Ž .D D or equivalently, by Lemma 4.1, W W . We denote by    
  Ž . Ž .resp.  the quotient of  resp.  by the equivalence relation   .
For  we denote by  its image in .
PROPOSITION 4.5. Assume that there is a bijection between the set of
 Ž  4simple components of S and the set  i.e., the set 1, . . . , k is identified with
 . such that for each  the following conditions hold:
Ž .I Ann W  S ; in particular, W can be considered as anS  m m 
S -module.
Ž . II The S-modules W and W do not contain submodules isomor- 
phic to W or W  . 
Ž . III Each nontriial composition factor of the S-module W W 
W  for    and of W for    appears with multiplicity 1.  
 Ž .Then each nontriial irreducible S-submodule M of  A is -normal.
Ž .More exactly, there exist  , ,    ,  , and S-submodule W M M
   4M of W such that M X  X   XW . Moreoer, if M M M
     , then   , X 	X for XW , and M X M M M M
4XW .M
LEMMA 4.6. Assume that the conditions of Proposition 4.5 hold. Then for
all  ,  with   the S-module W is irreducible.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Proof. It suffices to note that W W W is an irreducible S    
S -module whenever   .
LEMMA 4.7. Assume that the conditions of Proposition 4.5 hold. Let Mi
Ž .be a nontriial irreducible submodule of W i 1, 2 and let  : M M  1 2i i
Ž . Ž .be an isomorphism of S-modules. Then either  ,    ,  and   	1 1 2 2
Ž . Ž . Ž   . Ž .1   , or  ,    ,  and   	    .1 1 2 2
ŽProof. Actually, M is a faithful Q  S  S -module we assumei i  i i
. Ž .S  0 here . Therefore M M implies that Q Q Q, so  , 0 1 2 1 2 1 1
Ž . Ž . Ž Ž . .coincides with  ,  or  ,  we use the assumption II here .2 2 2 2
Assume    . Then by Lemma 4.6, M W is irreducible for i 1, 2.1 1 i  i i
Ž . Ž . Ž . Ž   .Therefore either  ,    ,  and   	 1 or  ,    , 1 1 2 2 1 1 2 2
and, by Lemma 4.2,   	  , as required.
Therefore we can suppose that        . It follows from1 1 2 2
Ž . Ž . Ž .assumption III that either  ,    ,  and   	 1 or    1 1 2 2 1 1
     . Consider the second case. By Lemma 4.2, we have an2 2
Ž Ž ..   isomorphism  : W W . The module   M is a submodule      1
Ž .of W isomorphic to M , so it coincides with M by assumption III . 1 1
Since M is irreducible,     	 1 for some  . Applying  to1   
Ž .both sides and using Proposition 3.8 2 , we get   	  , as required.
Proof of Proposition 4.5. Let us denote by M the projection of M to
Ž .W   ,  . Clearly, there exist  ,  such that M  0. Then A 
M M, so there exist a submodule W W and a matrix   M  M
Ž .   ,  such that W M and M W  . Assume   .A M  M M
 Ž .  Since r r for all rM and X  X  for all XW ,M M 
Ž . Ž   .  the projection of M to W   ,  W   ,  is X A   A M
  4 X   XW . It remains to note that by Lemma 4.7, all otherM M
projections are zeros.
 Ž . Ž  Assume now that   . Then W W and   ,    ,   A A
 .  Ž . . Therefore MM W  . Since M  A , X  M M M
Ž .    X X  for all XW . Hence as above M XM M M
  4   X   XW . Moreover, there exists   such that  M M M M
2 Ž Ž ..  . Since   1 see Proposition 3.9 4 , we have 1, so  M M
 and X 	X, as required.M
5. ENVELOPING ALGEBRAS OF -PLAIN LIE ALGEBRAS
Ž .Let LM  be a perfect Lie algebra. Then L S R where S is an
maximal semisimple subalgebra and R is the radical of L. Let V be the
Ž .natural M  -module. We adopt the notation of Section 4. As above, wen
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Ž .denote by S , . . . , S the simple components of S and by A E L the1 k
Ž .enveloping algebra of L in M  . Throughout below we assume that then
L-modules V and V are isomorphic. This implies that the enveloping
Ž .algebra E L has the standard involution  , and there is a map : 
defined as follows:    if and only if W W . The involution  
Ž .  4extends to D E S  1 . Let W   be a set of representatives ofn 
the isomorphism classes of all irreducible L-submodules of V, and let
  4 Ž .   W is nontrivial . We denote by  resp.  the quotient of
Ž .  resp.  by the equivalence relation   . For  we denote by
Ž . its image in  and by n or n the dimension of W . In this section we  
assume that L is perfect and V is a strongly -plain L-module. In other
  4 Žwords, we assume that the set  is identified with the set 1, . . . , k which
.labels the simple components of S such that

 Ann W  S for  ;S  mm 

 for each  , S is isomorphic to one of the following algebras:
 W n 	 4 ,Ž . Ž . 
 W n 	 7 ,Ž . Ž . 
 W n 	 6 .Ž . Ž . 
Ž .In particular, W  is the natural S -module or dual to it. Then one 
Ž . Ž .can easily verify that the conditions I  III of Proposition 4.5 hold.
Therefore each nontrivial irreducible S-submodule of L is -normal. The
 Ž . Ž .aim of this section is to show that L  A see Proposition 5.10 .
Ž .Remark 5.1. 1 We exclude  from the list because UU contains3
a submodule isomorphic to U where U is the standard  -module. This3
Ž .contradicts assumption II of Proposition 4.5.
Ž .2 The algebras  and  should be excluded as otherwise L2 4
 Ž .may be smaller than  A .
Ž .3 The algebra      is not simple.4 2 2
Ž .4 If we admit the algebras  and  , the main result of this5 6
Ž .section Proposition 5.10 as well as Theorem 1.3 remains to be valid, but
Ž .Theorem 1.5 does not in view of the isomorphism    .6 4
We denote by L the adjoint module for L and by L its restriction toL S
S. Let R be the sum of all trivial submodules of L and let L be the sum0 S 1
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of all nontrivial irreducible submodules. Since L is completely reducible,S
L L  R . Note that R  R. SetS 1 0 0
W , if   ,W  ½ X  XW , tr X 0 , if   . 4
 Ž .Clearly, W is a submodule of W . Using Lemma 2.1 and 2.2 and Eq. 6 , 
we get
 
S  X   X    XW , 4   
where   if  , and  t otherwise. For  and   ,   letC
 Ž . Žus denote by W resp. W the set of -symmetric resp. -skew-symmet- 
.  Ž .ric matrices of W   if  , and  t otherwise . Set C
Z    S    ,Ž . 4A  n
Z    S    ,Ž . 4B  n
Z    S    ,Ž . 4C  n
The following can be checked by the direct calculations.
LEMMA 5.2. Let  , . Then
W , if   or   0,
W  I , if   , AW   W W , if    ,  A
 W W  I , if     B C
is the decomposition of the S-module W W W  into pairwise noniso-  
morphic irreducible submodules.
Ž .  Ž .Recall that we denote by A the algebra E L , so L  A .
LEMMA 5.3. Let M be a nontriial irreducible S-submodule of L. Then
Ž .  there exist  ,  and    ,  such that M X  X M A M
  4     XW . Moreoer, if   , then MW  and  M   M M
	 .M
Ž .Proof. By Proposition 4.5, there exist  , ,    ,  , and anM
  S-submodule W M of W such that M X  X   XM  M M
4   W . Moreover, if   , then   , X 	X for XW , andM M M M
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 4M X  XW . If   or   , then by Lemma 5.2,M M A
W W  , and we are done. Assume that   . Then by Lemma 5.2,M 
W W  , so MW  . As XX for XW  , we haveM   M 
     4 	 . Hence M X  X   XW , as required.M M M M 
LEMMA 5.4. Let M be as in Lemma 5.3. Then
M , if   ,
M  I  I , if   ,Ž .M M A
M , if   B C  M Ž . and MW ,
M  I , if   Ž .M B C
 and MW .
 Ž .    4Proof. We have  M  X  X   XW . If   ,M M 
  Ž .then W W , so  M M, as required. Assume that   . Then 
  Ž . Ž . Ž .W W  I. By 7 , I  I, so  M M  I  I if  M M
  . Assume that    . Then by Lemma 5.3, MA B C
  Ž .W  and  	 . Therefore  M M if MW , and M M M 
 Ž . Ž . M M  I if MW .M 
Let  be the set of all nontrivial irreducible submodules of L. PutS
L  M .Ý1
M
LEMMA 5.5. Let x L and  , . Assume that x has a nonzero
Ž .projection x  X   			X  to W   ,  where X , 1 1 m m  1
. . . , X W are linearly independent. For   assume additionally thatm 
the matrices I, X , . . . , X are linearly independent. Then W   L for1 m  i 1
each i 1, . . . , m.
Proof. Let M be the S-submodule of L generated by x. Then M T
M  where T is a trivial S-module and M M  			M is a sum of1 l
nontrivial irreducible S-modules M . By Proposition 4.5, each M isj i
 normal, so set M M  			M  L . Let T and M be the projec-1 l 1  
 Ž .tions of T and M , respectively, to W   ,  . It follows from defini-
 Ž . Ž .tion that M W   ,   L where   ,  is a subspace of  M 1 M
Ž . Ž .  ,  . Clearly it suffices to show that    ,  for each ii M
1, . . . , m. Assume that this is not the case. Reordering the indices one
 4  4can assume that 1, . . . , m is a maximal subset of 1, . . . , m such that
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Ž . , . . . ,  are linearly independent modulo   ,  . Then the image of1 m M
Ž . Ž .    x in the quotient W   ,  W   ,  is X   			X   M 1 1 m
  where X  X Ým   j X and  is the image of  inm i i jm1 i j i i
Ž . Ž . Ž .  ,    ,  . By Lemma 5.2, T is either 0 for   or lies inM 
Ž . Ž .   Ž   .I  ,  for   . As X , . . . , X resp. I, X , . . . , X are linearly1 m 1 m
0Ž .independent for   resp.   , we get that x M M , which  
contradicts the assumption. The lemma follows.
DEFINITION 5.6. A -normal submodule M is called degenerate if
   4  ŽM X  X   XW for some  and   0,M M 0 M A
l r .  . For such M we denote M W  and M W  , so0 M  0 M
l rMM M .
LEMMA 5.7. Let M and M be nontriial irreducible submodules of L.1 2
Then M M  L , except possibly in the case when M and M are degener-1 2 1 1 2
r r l l r l l rate. In the exceptional case M M M M  0, M M  L , and M M 1 2 1 2 1 2 1 1 2
 l r l rŽ . Ž . Ž .W  0, 0 . Moreoer,  M M M M  R   L .00 1 2 2 1 0 1
Proof. By Proposition 4.5, M and M are -normal, so1 2
M  X  X   XW  i 1, 2Ž .Ž . 4i 1 i  i i
Ž .for some  ,   and    ,  . In view of symmetry between i i i A i i 1
and  ,  and  , it suffices to show that   0 implies that W 1 2 2 12   121 2
Ž . L except possibly in the case when M and M are degenerate . So let1 1 2
  0. Then    . We shall use Lemma 5.5, so we need to find x L12 1 2
Ž . with nonzero projection to W   ,  . Let x  X   X   A 1 2 i i i i1 2
Ž .  M with X W . Theni i i  i i




x x , x  X X    X X    L,Ý Ý1 2 1 2 1 2 2 1 2 1
 4  4 , 
 1,   , 
 1, 
1 1   Ž .  where X  X ,   , and   . Recall that X X  X X andi i i i i i i j j i
Ž .       . Thereforei j j i
x X   X   X   X Ž . Ž .12 12 12 12 21 21 21 21
 Y    Y    Y    Y   ,Ž . Ž .12 12 12 12 21 21 21 21
where X  X X ,    , Y  X X , Y  X X ,   ,i j i j i j i j 12 1 2 21 2 1 12 1 2
and   .21 2 1
Consider the following cases.
Case 1.         l. Then W and W are the sets of1 1 2 2    1 1 2 2
Ž . Žn  n -matrices with n 	 3 n 	 6 if l , and either  t forl l l l C
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. Ž .l  or   for l . Set X  e and X  e . ThenA B C 1 12 2 23
 t  either X  X  e , or l and X  X  e where m2 2 32 C 2 2 m3, m2
Ž Ž ..n 2	 3 see 1 . One checks that X  Y  Y  0, X  e , andl 21 12 21 12 13
X  e  e or e . It follows that x e   e  12 13 31 m3, m1 13 12 13 12
L. Since I, e , and e are linearly independent, by Lemma 5.5, W 13 13  1 2
  L .12 1
Case 2.         l. Note that l 0. Therefore one can set1 1 2 2
X  e and X  e . Then X e , e . As     0 and1 11 2 12 2 21 m2, m1 21 21
Y  0, we have x e   e  and can apply Lemma 5.5.12 12 12 12 12
Case 3.        . The arguments are as in Case 2, setting1 1 2 2
X  e and X  e .1 21 2 11
Case 4.        and    . Then       0.1 1 2 2 1 2 21 12 21
Ž .  Ž   .Set X  X  e . Note that    ,  and    ,  . Since1 2 11 12 1 2 12 2 1
Ž .   , the projection of x to W   ,  is e  and we can1 2   A 1 2 11 121 2
apply Lemma 5.5.
Case 5.         0. Set X  e and X  e . Then 1 2 1 2 1 11 2 12 12
   0, X  0, and we have x e   e  , as required.21 21 12 12 12 12
Ž .Case 5.     0 and     0 exceptional case . Then  1 2 1 2 12
  0 and we have21
x X   X   X   X  .Ž . Ž .12 12 12 12 21 21 21 21
Setting X  e and X  e , and applying Lemma 5.5, we see that the1 11 2 21
 Ž .second summand always belongs to  L . Setting X  X  e , we1 1 2 11
conclude that
P  I  I   L  R .Ž . Ž .12 12 1 0
 l r l rŽ .It remains to note that  M M M M  P. The lemma follows.1 2 2 1
Set
l rE  M M ,Ý0 1 2
where M and M run over all pairs of degenerate submodules of L .1 2 1
LEMMA 5.8. Let M , . . . , M be nontriial irreducible submodules of L.1 d
Then M 			 M  L  E .1 d 1 0
Proof. Proceed by induction on d, the case d 1 being trivial. The
case d 2 immediately follows from Lemma 5.7. Let d	 3. Assume that
the module M is nondegenerate. Then by Lemma 5.7, M M is a sum of2 1 2
Q for some nontrivial irreducible submodules Q of L, so the lemmaj j
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follows by inductive hypothesis. Therefore one can assume that M is2
l r ldegenerate. Then M M M and by Lemma 5.7, M M  L and2 2 2 1 2 1
rM M  L , so we can apply the induction. The lemma follows.2 3 1
 For completeness we include the proof of the following lemma from 2 .
LEMMA 5.9. Let L be a finite dimensional perfect Lie algebra, and let S be
a Lei subalgebra of L. Then L is generated as a Lie algebra by nontriial
irreducible S-submodules of L.
Proof. Express L in the form L S R where RRad L. Pick
irreducible S-submodules M , . . . , M of R such that RM  			M1 k 1 k
  R, R . Since L is perfect, all M are nontrivial and R is nilpotent. As Ri
Ž is nilpotent, vector space M  			M generates R as an algebra see 4,1 k
.Chap. I, Sect. 4, Exercise 4 . Therefore, the simple components of S and
M , . . . , M generate L.1 k
PROPOSITION 5.10. We hae
Ž . Ž .i E L  L  E ;1 0
 Ž . Ž Ž .. Ž .ii  E L   L  R ;1 0
Ž .  Ž Ž ..iii  E L  L.
Ž .Proof. i Set B L  E . By Lemma 4.4, for each nontrivial irre-1 0
Ž . Ž .ducible submodule M of L we have M E L . Therefore B E L . By
Lemma 5.9, L is generated by nontrivial irreducible S-submodules; hence
Ž . Ž . Ž .the same is true for E L . Thus by Lemma 5.8, E L  B, so E L  B.
 Ž . Ž . Ž .ii By Lemma 5.7,  E   L  R . Thus0 1 0
     E L   L   E   L  R   E L .Ž . Ž . Ž .Ž . Ž .Ž . Ž .1 0 1 0
 Ž Ž .. Ž .Therefore  E L   L  R .1 0
Ž .iii Since L is perfect, it suffices to show that the following inclu-
sions hold:
  L ,  L  L, 8Ž .Ž . Ž .1 1
 L , R  L. 9Ž .Ž .1 0
Ž . Ž .Assume that 8 holds. We are going to prove 9 , i.e., to show that
 Ž .  M , R  L for each nontrivial irreducible submodule M of L. Let0
Ž . Ž . ,  be the type of M. If   , then by Lemma 5.4.  M M and
 M, R  L, as required. So one can suppose that   0. Note that0
any element x E can be expressed in the form x X where0
Ž .  X  and  0, 0 . Hence xMMx 0, so M, E  0. Therefore0
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we have
     M , R   M ,  L  E   M ,  L  L,Ž . Ž . Ž . Ž .Ž .0 1 0
as required.
 Ž .  Ž . Ž .It remains to prove 8 , i.e., to show that  M ,  M  L for all1 2
Ž .nontrivial irreducible M and M . Let  ,  be the type of M . If   1 2 i i i i i
 Ž .for each i, then  M M , and we are done. So one can assume thati i
     0. By Lemma 5.7,1 1
    M ,  M   M M M M   Q  			QŽ . Ž . Ž .ž /1 2 1 2 2 1 1 d
for some nontrivial irreducible S-submodules Q of L. Suppose thatj
 Ž .  Ž .   , or    . Then by Lemma 5.4,  Q Q  L, so  M ,2 2 i i 1
 Ž . M  L. Hence we assume that          . Recall that2 1 1 2 2
  Ž .  4 Ž . ŽM  X  X    XW i 1, 2 for some    ,i i i  i A
. . Set
I  I  I ,i i i
 Ž .where I is the identity matrix. Note that I   M . If   ,i i B C
  Žthen by Lemma 5.3, M W and  	 , so either I  0 fori  i i i
. Ž .M W or I  2 I for M W . By Lemma 5.4, we havei  i i i 
 Ž . M M  I , soi i i
          M ,  M  M , M  M , I  M , I   I , I .Ž . Ž .1 2 1 2 1 2 2 1 1 2
   Clearly M , M  L. We now show that P M , I  L. One can1 2 1 2
assume that I  0 and P 0. Since S acts trivially on I , the S-module P2 2
Žis a homomorphic image of M the homomorphism is given by the map1
  .x x, I , xM . As M is irreducible, and P 0, we have M  P.2 1 1 1
By Lemma 5.7, P is a submodule of M M M M  L . As I I1 2 2 1 1 2 2
 Ž . Ž .and M   L , we have P  L . Since P is nontrivial and irre-1 1 1
 ducible, P L, as required. Similarly, M , I  L.2 1
 It remains to check that I , I  L. Recall that n  dim W . Set1 2  
m n if  , and m n 2, otherwise. By our assumptions, m	 3. C 
1 ŽFix any nonzero  , . . . ,    such that Ý  0 and Ý  0 as  is1 m i i
.algebraically closed, one can take all mth roots of unity . Set X 1
Ž . Ž 1 1.diag  , . . . ,  and X  diag  , . . . ,  if  , and X 1 m 2 1 m C 1
Ž . Ž 1 1 1 1.diag  , . . . ,  ,  , . . . ,  and X  diag  , . . . ,  ,  , . . . , 1 m 1 m 2 1 m 1 m
otherwise. Then X X , X X , and X X  X X  I. Since X and1 1 2 2 1 2 2 1 1
X have zero traces, by Lemma 5.3, the element x  X   X 2 i i i i i
   lies in M for i 1, 2. It remains to note that I , I  x , x  L.i 1 2 1 2
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6. MAIN RESULTS
Let A be a finite dimensional associative algebra. We say that A is
2perfect if A  A. Set A A if A has the identity 1 and A A 1A A
Ž .the algebra that is obtained from A by external adjointing the identity
otherwise. If A is an enveloping algebra of a Lie algebra L, then the
Žalgebra A can be viewed as a faithful L-module A under the regularL
.action . Note that the enveloping algebra of the image of L in the algebra
of transformations of the space A is isomorphic to A.
LEMMA 6.1. Let A be a finite dimensional associatie algebra with inolu-
 Ž .tion and let L be a Lie subalgebra of  A . Then there is a finite
Ž .dimensional ector space V A such that A is isomorphic to a subalgebra of
Ž . Ž .End V A with the same identity, and the L-module V A is self-dual.
 Ž . Ž . Ž .Proof. Since L  A   A , the kernel K of the map U L
Ž . A is an -invariant ideal of U L . Therefore by Lemma 2.7,

Ann A  K K Ann A .Ž . ž /U Ž L. U Ž L.L L
Ž . Ž .Consider an L-module V A  A A . Then A is the envelopingL L
Ž . Ž .algebra of L in End V A . Moreover, 1 acts identically on V A . Clearly,A
Ž .V A is self-dual.
DEFINITION 6.2. Let A be a finite dimensional associative algebra with
involution  . For a -invariant ideal M of A set Q  AM and denoteM
by  the involution of Q induced by  . The algebra A is calledM M
admissible if A is perfect and for each maximal -invariant ideal M of A
Ž .one of the following holds below d dim Q :' M
 'Ž . Ž . 1 Q is not simple and d  d 2	 4; i.e.,  Q   .M M d
Ž .  Ž .2 Q is simple, d	 7, and  is orthogonal; i.e.,  Q   .M M M d
Ž .  Ž .3 Q is simple, d	 6, and  is symplectic; i.e.,  Q   .M M M d
THEOREM 6.3. Let A be an admissible associatie algebra with inolution.
 Ž . Ž .Then L  A is a perfect Lie algebra, V A is a faithful strongly -plain
L-module, and L generates A.
Ž .Proof. Let n dim V A . By Lemma 6.1, A is a subalgebra of
Ž . Ž .End V A M  with the same identity. By Lemma 2.4 there exists an
  4Levi subalgebra D of A such that D D. Let D   be the set of
simple components of D. Since A is admissible, D contains at most one
component D of dimension 1. Clearly, D D is an -invariant0  0
Levi subalgebra of A. It follows from Lemmas 2.3 and 2.4 that S
 Ž .  Ž .  Ž . D   D is a Levi subalgebra of  A and the S-module
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Ž .  Ž .V A is -plain. Moreover, since D is admissible, V A is strongly
-plain.
It remains to show that L is perfect and generates A. Using Proposition
3.9, we get that
A W   , Ž .  A
 , 
and
 A  M ,Ž . Ý Ý 
 ,  Ž .  , A
    4 Ž  .  where M  X X   XW . Set M  X X  
  4   Ž .  XW . Let L be a Lie subalgebra of  A generated by all
Ž  . Ž . Ž . Ž .M with  ,   0, 0 and   ,  . One can easily check that A
  Ž . L contains S  D and is perfect. Let A be the enveloping algebra
 Ž .  Ž .of L in M  . Then by Lemma 4.4, A is generated by all W   , n  A
Ž . Ž .  with  ,   0, 0 . Therefore A is an ideal of A. Since A contains the
Levi subalgebra D, AA is nilpotent. As A is admissible, A A. By
 Ž . Proposition 5.10, L  A  L , so L is perfect and generates A, as
required.
Ž . Proof of Theorem 1.3. 1 Let A be a  -enveloping of L; i.e.,
 Ž . A  L. Clearly, A is perfect. Arguing as in the first part of the proof
Ž .of Theorem 6.3, one can easily show that V A is a faithful -plain
L-module.
Ž . Ž .2 This is proved in Proposition 5.10 iii .
PROPOSITION 6.4. Let L be a strongly -plain Lie algebra and let A be a
-eneloping of L. Let H be a -inariant ideal of A such that H L
Ž . Ž .Z L . Then HA AH 0; i.e., HNull A .
 Ž .   Ž .  Ž .Proof. Since,  A  L, we have L,  H  L  H  L
Ž .  H Z L . As L, L  L, we have
   L,  H  L, L ,  H  L, L,  H  L, Z L  0;Ž . Ž . Ž . Ž .
 Ž .  Ž .i.e., L commutes with  H . Hence A commutes with  H . As in the
Ž .proof of Theorem 6.3 we view A as a subalgebra of M  for some n. Letn
D be a -invariant Levi subalgebra of A and DD 1 . Clearly, Dn
 Ž .commutes with  H . As H is an ideal of A, DHDH. Therefore, by
Ž .  Ž .Proposition 3.5, H W  A  ,  . Let S  D . Obvi- H ,  
Ž . Ž . Ž .   Ž .ously, if   ,   0 for some  ,   0, 0 , then S,  H  0.H
Ž . Ž . Ž . Ž .Therefore HW  0, 0 . Let   ,  with  ,   0, 0 .00 H A
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Since H is an ideal of A,
 0, 0  0, 0  0.Ž . Ž .H H
Ž . Ž . Ž .As A is generated by W   ,  with  ,   0, 0 , we have AH A
Ž .HA 0; i.e., HNull A , as required.
 Ž . We denote by  L the poset of  -enveloping algebras of L under
Ž .  Ž .the ordering ‘‘
 ’’ see Section 2 . The following theorem describes  L
for strongly -plain Lie algebras L.
THEOREM 6.5. Let L be a strongly -plain Lie algebra. Then the class
 Ž . Ž . L contains a uniersal object N L . More precisely, there is an algebra
Ž .  Ž .  Ž . Ž .N L  L such that for each A L one has A
 N L , the kernel
Ž .H of the corresponding homomorphism N L  A is a -inariant sub-A
Ž Ž ..  Ž .space of Null N L , and H  L 0. In particular, the poset  L isA
Ž Ž ..anti-isomorphic to the poset of all -inariant subspaces HNull N L
with H L 0.
Proof. In the proof of Theorem 1.3 it has been actually shown that for
any strongly -plain Lie algebra L the class of all -envelopings for L
coincides with that of all envelopings in End V where V runs over all
strongly -plain modules for L. Denote by Irr L the set of all nontrivial
Ž . Ž .irreducible L-modules up to equivalence , and denote by Irr V the set of
inequivalent nontrivial composition factors of an L-module V. Since the
Ž . Ž . Ž .algebras  n	 4 ,  n	 7 ,  n	 6 are pairwise nonisomor-n n n
Ž .phic, there is a finite subset  Irr L such that Irr V  for all
Ž .strongly -plain L-modules V. Let N N L be the universal enveloping
Ž  .of L corresponding to  see 2, Corollary 6.2 and let W be an
L-module such that N is the enveloping of L in End W. Set MWW .
Ž .Since Irr M , N is the enveloping of L in End M. As M is strongly
  Ž .-plain, N is a  -enveloping. Let A L and let H be the kernelA
Ž .of the corresponding homomorphism N L  A. Then H  L 0.A
Ž Ž ..Therefore by Proposition 6.4, H Null N L .A
Proof of Theorem 1.5. By Theorem 6.3, L is strongly -plain. Since A1
and A are -enveloping algebras for L, the result follows from Theo-2
rem 6.5.
 Ž .Remark 6.6. The poset  L may not contain the smallest element.
Let L be a perfect finite dimensional Lie algebra over . Let A be a
finite dimensional enveloping algebra of L. We say that A is -eneloping
 for L if L A, A . The algebra L is called quasispecial if it has a
-enveloping algebra. Let V be an L-module of finite length. Let
W , . . . , W list the nontrivial composition factors of V. We say that V is1 k
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Ž . Ž .plain if for each i 1, . . . , k we have LAnn W   W and the dualL i i
L-module W  does not occur in W , . . . , W unless dim W  2. We sayi 1 k i
that L is plain if L has a faithful plain module. Quasispecial Lie algebras
 are studied in 2 . In particular, it is shown there that a perfect Lie algebra
having no quotient isomorphic to  is quasispecial if and only if it is2
Ž .plain. Two theorems below show the relation between quasispecial plain
Ž .and quasiclassical -plain Lie algebras.
THEOREM 6.7. Let L be a plain Lie algebra. Then L is -plain. More-
oer, if L has no quotient isomorphic to  or  , then L is strongly2 3
-plain.
Proof. Let V be a faithful plain L-module. Then V V is a -plain
L-module, so L is -plain. Moreover, L is strongly -plain if L has no
quotient isomorphic to  or  .2 3
THEOREM 6.8. Let L be a strongly -plain Lie algebra. Then L is plain if
and only if there exists a -eneloping algebra A of L such that A B B
where B is an ideal of A. In that case B is a -eneloping algebra of L and for
each -eneloping algebra C of L the algebra C Cop with inolution :
Ž . Ž . c , c  c , c is  -eneloping for L.1 2 2 1
Proof. Assume that L is plain. Observe that L is strongly plain. Let C
be a -enveloping algebra of L. Set A C Cop. Then the map :
Ž . Ž .  Ž .c , c  c , c is an involution of A and L  A . Observe that A1 2 2 1
is admissible. Therefore by Theorem 6.3, A is a -enveloping algebra
of L.
Conversely, let A be a -enveloping algebra of L such that A B
  ˜Ž .  B where B is an ideal of A. Then, obviously, L  A  B, B  L.
˜Moreover, L generates B, so B is a -enveloping algebra of L and L
is plain.
7. QUASICLASSICAL ALGEBRAIC GROUPS
Let A be an associative algebra. Set A A if 1  A and A A F1A A
Ž .the algebra that is obtained from A by external adjointing the identity
Ž .otherwise. If 1  A, we denote by U A the group of invertible elementsA
of A. Since the external adjointing the identity to A does not change the
Ž . Ž . Ž .commutator subgroup U A of U A we can define U A even if A has
no identity.
Assume that A has an involution. Clearly, the involution of A uniquely
 Ž . extends to an involution of A. If 1  A, we denote by U A  a A A
 4  Ž .aa  1 the unitary group of A and by SU A the special unitary groupA
 Ž .of A, which is defined to be the commutator subgroup of U A . As
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 Ž .above, the external adjointing the identity to A does not change SU A .
 Ž .This allows us to define SU A even if A has no identity by setting
 Ž . Ž .SU A  SU A .
LEMMA 7.1. Let A be a finite dimensional associatie -algebra and let A0
be the smallest ideal of A such that the quotient AA is semisimple and each0
Ž . Ž .component of AA has dimension 1. Then U A U A . Moreoer, if A0 0
 Ž .  Ž .has an inolution, then A is -inariant and SU A  SU A .0 0
Ž .Proof. This can be easily proved fixing a -invariant Levi subalgebra
Ž .of A see Lemma 2.4 .
We say that an associative algebra A is reduced if A A ; i.e., A has0
Ž . Ž .no simple one-dimensional quotient. By Lemma 7.1, U A U A and0
 Ž .  Ž .SU A  SU A .0
Let G be a perfect group, let A be a reduced algebra, and let

 : GU AŽ .
Ž .be a monomorphism. The pair , A is called an eneloping algebra for G
Ž .if  G generates A as an algebra. In view of the universal property, the
map  uniquely extends to an associative algebra homomorphism
 : G A.
Let  : G End V be a faithful representation of a perfect group G
Ž .and let A be a subalgebra of End V generated by  G . Then one can
easily check that A A  I where I is the identity transformation of0
V. The algebra A is called the enveloping algebra of G in End V.0
Conversely, let B be an enveloping algebra for a perfect group G. The
Ž .algebra B can be viewed as an G-module B under the regular action .G
One can check that the enveloping algebra of the image of G in End B is
isomorphic to B.
An enveloping algebra A of a perfect group G is called -eneloping
if A has an involution such that
G SU A .Ž .
 Ž . We denote by  G the set of  -enveloping algebras for a group G.
Let V be a faithful rational finite dimensional G-module isomorphic to its
dual module V. We say that V is -plain if for each nontrivial composi-
Ž . Ž .tion factor W of V the image of G in GL W is one of the groups SL W ,
Ž . Ž . Ž .SO W , or Sp W . Moreover, if in addition dim W	 4 for SL W , dim W
Ž . Ž .	 7 for SO W , and dim W	 6 for Sp W , then V is called strongly
Ž . Ž .-plain. We say that G is strongly -plain if G has a faithful strongly
-plain module.
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Ž .Proof of Theorem 1.4. 1 Let A be a reduced algebra with involution
 Ž . Ž . Ž .such that G SU A . It suffices to show that V A  A A is aG G
faithful -plain G-module. Arguing as in Lemma 6.1, we can view A as a
Ž . Ž . Žsubalgebra of End V A M  with the same identity here nn
Ž .. Ž .dim V A . Let D be a -invariant Levi subalgebra of A see Lemma 2.4 .
 Ž .Clearly, U D is a direct product of groups isomorphic to GL, SO and Sp
Ž .cf. Lemma 2.3 . Let NRad A be the radical of A. As N is nilpotent
 Ž . Ž .and -invariant, U N is a unipotent normal subgroup of U A . Clearly,
     Ž . Ž . Ž . Ž . Ž . Ž .U A U D U N . Therefore G SU A  SU A  SU D R
 Ž .where R is the unipotent radical of SU A . It remains to observe that
 Ž . Ž . Ž .  Ž .SU D is a -plain subgroup of GL V and V A is a -plain SU D -
module.
Ž . Ž .2 Let  : GGL V be a faithful strongly -plain representation
of G and let W , . . . , W list the nontrivial composition factors of V. Let1 n
Ž . Ž . : GGL W denote the restriction of  to W and let  : GL W i i i i i
Ž .PGL W be the natural projection. Then G GKer  is isomorphici i i
Ž . Ž . Ž .to SL W , SO W , or Sp W , and H GKer   is isomorphici i i i i i i
Ž . Ž . Ž . nto PSL W , PSO W , or PSp W . Set H Ker  and Mi i i i1 i
n Ker   . Then H acts trivially on each composition factor of V soi1 i i
H is unipotent; hence H is nilpotent. As Ker  is abelian, MN is abeliani
so M is solvable. As GM is a finite subdirect product of simple groups, it
is in fact a direct product. Clearly, GM has no non-trivial finite quotient.
Therefore, if X is a finite index subgroup of G then G XM. If XG,
then GX is not solvable as G is perfect. Besides, GXMXX
Ž .M M X . This is a contradiction as M is solvable. This means that G
contains no proper subgroup of finite index. Therefore, G is connected.
Let A be the enveloping algebra of G in End V and let L be the Lie
Ž .algebra of G. We identify L with the corresponding subalgebra of  V .
Since G is perfect, L is perfect as well. Observe that L is strongly -plain
and V is a -plain L-module. Let B be the enveloping algebra of L in
End V. By Lemma 2.8, B admits standard involution and by Theorem
Ž .  Ž . 1.3 2 , L  B . Since G is connected, by 5, Corollary 2 of Theorem
II.12.8 , I B I A where I is the identity of End V. Hence L
 Ž .  Ž . A . Set HU A I . One can easily show that H is a con-
 Ž . nected algebraic group and the Lie algebra of H is  A I . By 3,
 I.2.3 , the commutator subgroup H is a connected algebraic subgroup of
    Ž .  Ž .  Ž .H, and by 3, II.7.8 , L  A I ,  A I   A is the Lie
algebra of H . Since H G are connected and have the same Lie
   Ž .algebras, by 3, II.7.1 , GH  SU A , as required.
One can easily describe the properties of -enveloping algebras for G
in the spirit of Theorem 6.5. Observe that in Theorem 1.5 only reduced
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associative algebras are considered. We have the following analog of
Theorem 1.5 for algebraic groups.
THEOREM 7.2. Let A and A be admissible finite dimensional associatie1 2
 Ž .  Ž .algebras with inolution. Assume that SU A  SU A . Then there is1 2
Ž .an admissible algebra A and -inariant ideals H , H Null A such that1 2
 Ž .  Ž .for i 1, 2 we hae SU A  SU A and A  AH . In particular,i i i
Ž . Ž .A Null A and A Null A are isomorphic as algebras with inolution.1 1 2 2
ACKNOWLEDGMENTS
The first author has been supported by the Alexander von Humboldt Foundation and by
the Institute of Mathematics of the National Academy of Sciences of Belarus in the
framework of the state program ‘‘Mathematical Structures.’’
REFERENCES
1. A. A. Baranov, Diagonal locally finite Lie algebras and a version of Ado’s theorem, J.
Ž .Algebra 199 1998 , 139.
2. A. A. Baranov and A. E. Zalesskii. Plain representations of Lie algebras, J. London Math.
Soc., to appear.
3. A. Borel, ‘‘Linear Algebraic Groups,’’ Benjamin, New York, 1969.
4. N. Bourbaki, ‘‘Groupes e algebres de Lie,’’ Chaps. IIII, Hermann, Paris, 1971.`
5. C. Chevalley, ‘‘Theorie des groupes de Lie, tome II: Groupes algebriques,’’ Hermann,´ ´
Paris, 1951.
6. I. N. Herstein, Lie and Jordan structures in simple associative rings, Bull. Amer. Math.
Ž .Soc. 67 1961 , 517531.
7. W. S. Martindale 3-rd and C. R. Miers, Herstein’s Lie theory revisited, J. Algebra 98
Ž .1986 , 1437.
8. L. A. Nazarova and A. V. Roiter, ‘‘Categorial Matrix Problems and the BrauerThrall
 Problem,’’ Naukova Dumka, Kiev, 1973 in Russian ; German translation: ‘‘Kategorielle
Matrizen-Probleme und die Brauer-Thrall-Vermutung,’’ Aus dem Russischen bersetzt von
Ž .K. Nikander, Mitt. Math. Sem. Giessen Heft 115 1975 .
9. R. Pierce, ‘‘Associative Algebras,’’ Graduate Texts in Mathematics, Vol. 88, Studies in the
History of Modern Science, Vol. 9, Springer-Verlag, New YorkBerlin, 1982.
